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ABSTRACT In this paper, the magnetic field effects on natural convection heat transfer in an enclosure 
filled with nanofluid are numerically investigated by using lattice Boltzmann method.  The fluid in the 
enclosure is a water-based nanofluid containing Al2O3 nanoparticles. A uniform external magnetic field with 
different angles was applied. A series of simulation cases were carried out for different governing parameters 
including Hartmann number, Rayleigh number, the nanoparticle volume fractions and magnetic field angles. 
The results show that the increasing Rayleigh number and nanoparticle volume fraction improve the heat 
transfer in the enclosure. However, the heat transfer has been suppressed when Hartmann number increases. 
The results also indicate there are critical values for the Raleigh number and also the magnetic field 
orientation, at which the impacts of the solid volume fraction and magnetic field effects are the most 
pronounced. 
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1. Introduction 
 
Magnetic fluid, also known as ferrofluid, is 
a magnetic colloidal suspension consisting of 
carrier liquid and magnetic nanoparticles with 
typical dimensions of about 10 to 100 nm. The 
carrier liquids most often used are water, 
kerosene or various oils. The ferrofluid is a 
type of functional or smart fluid whose flow 
and energy transport processes can be 
controlled by adjusting an external magnetic 
field. Due to its distinctive characteristics, 
ferrofluid has been widely applied in a variety 
of fields such as electronic devices, mechanical 
engineering, aerospace, bioengineering, 
medical applications, and has attracted a great 
deal of research interests [1-3]. Many 
experimental and numerical works have been 
conducted to investigate heat transfer 
enhancement by nanofluid.  Liu et al. [4] 
reported that with low nanoparticles 
concentration (1-5 vol.%), the effective 
thermal conductivity of the suspensions can 
increase by more than 20% for various 
mixtures. A dispersion model was employed to 
investigate laminar flow convective heat 
transfer of nanofluid in a circular tube [5]. The 
results clearly showed that the addition of 
nanoparticles to the base liquid produces 
considerable enhancement of heat transfer. In 
many industrial applications, magnetic field 
effects on nanofluid play a crucial role on 
nanofluid dynamics and heat transfer 
performance. Wide range of investigations has 
also been carried out in this area.  Li et al. [6] 
conducted an experimental investigation to 
measure the viscosity and thermal conductivity 
of the magnetic fluids in either the absence or 
the presence of the external magnetic field. To 
better understand how external magnetic fields 
affect hear transfer of nanofluid, theoretical 
and numerical work has been conducted. Xuan 
et al. [7] numerically investigated the magnetic 
effects on heat transfer performance of 
nanofluid flowing through a micro channel. 
The results showed the external magnetic field 
can either suppress or enhance heat transfer by 
adjusting the orientation and magnitude of the 
magnetic field. Teamaha et al. [8] employed 
finite volume method to investigate the 
magnetic field effects on natural convection in 
square cavity. Their results indicate the heat 
transfer can be enhanced by increasing solid 
volume fraction of nanoparticles but 
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suppressed with the increasing Hartmann 
numbers. The lattice Boltzmann method 
(LBM), which is obtaining more attention and 
popularity [9, 10], is applied in many areas of 
computational fluid dynamics, including 
multiphase flows [11, 12], electro-osmotic 
flows [13, 14], heat transfer characteristics [15, 
16]. Based on a mesoscopic model which can 
bridge the gap between the microscopic world 
and the macroscopic phenomena, LBM has 
many advantages over conventional CFD 
approaches [17, 18]. Generally speaking, LBM 
is much easier to implement, more 
computationally efficient and more capable to 
deal with complex boundary conditions and 
interactions between different phases.  
The purpose of the present study is to 
numerically investigate the natural convection 
of nanofluid in the presence of magnetic field 
with different orientations by using lattice 
Boltzmann method. The Al2O3/water nanofluid 
natural convection in an enclosure at the 
presence of external magnetic field with 
different orientations is investigated. The 
effects of governing parameters such as 
Rayleigh number, nanoparticles volume 
fraction, Hartmann number and the 
orientations of external magnetic field will be 
analysed.  
2. Problem statement 
 
The geometry of the present study is shown 
in figure 1. This problem considered is a 
natural convection in a two dimensional square 
cavity with sidewalls maintained at different 
temperatures TH and TL, where TH > TL. The 
boundary conditions of the top and bottom 
walls are assumed to be adiabatic. The uniform 
magnetic field with constant magnitudes 
(Hartmann number Ha = 0, 30, 60 and 90) and 
orientations of  0°, 45°, 90°, 180° is 
applied. It is assumed that the induced 
magnetic field produced by the motion of an 
electrically conducting fluid is negligible 
compared to the applied magnetic field. The 
viscous dissipation and Joule heating are also 
neglected in this study. The enclosure is filled 
with Al2O3/water nanofluid which is 
considered to be two-dimensional, laminar and 
incompressible. The thermophysical properties 
of the nanofluid are assumed to be constant, 
see Table 1.   
 
 
Fig. 1: Geometry of the present study 
 
Table 1 Thermophysical properties of 
different phases of Al2O3/water nanofluids 
Properties Base fluid 
(water) 
Nanoparticles 
(Al2O3) 
 (kg/m3) 997.1 3970 
cp (J/kg K) 4179 765 
 (kg/m s) 0.001004 / 
510 (1/K) 21 0.85 
k(W/m K) 0.613 25 
 
3. Methodology 
 
3.1 The lattice Boltzmann method 
The lattice Boltzmann method with the 
standard D2Q9 for the flow and temperature 
field is employed in this work. The details 
about the lattice Boltzmann method have 
already been given in many references [10, 
19], only a brief induction will be given in this 
paper. The lattice Boltzmann method is carried 
out through two basic steps including the 
collision step and the streaming step, which 
can be written by the following form: 
 
 
i
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iiiii tFtxftxftxftttcxf  )),(),((
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),(),(

   (1) 
 
where   is the dimensional relaxation time, 
),( txfi  is the density distribution function for 
the particle moving with velocity 
ic  at position 
x  and time t , and ),( txf eqi  is the local 
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equilibrium distribution function. iF  is the 
external force term in the direction of lattice 
velocity. For the typical two-dimensional nine-
speed (D2Q9) lattice scheme considered in the 
present work, the local equilibrium distribution 
function is defined as: 
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where 
iw  is weighting factor, given as 4/9 for 
i =0, 1/9 for i =1,2,3,4, and 1/36 for i  =5,6,7,8. 
sc  is the sound speed. ic  is the discrete 
velocities, and defined as: 
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where txc  /  is the particle streaming speed. 
x , t  are the lattice spacing and time step. 
The relation between 
sc  and c can be 
expressed as 3/ccs  . The macroscopic 
variables such as the mass density, the 
momentum density and the pressure are 
defined by sums over the distribution functions: 
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The kinematic viscosity is determined by: 
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For the scalar function (temperature in this 
study), another distribution is defined as: 
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The equilibrium distribution function can be 
written as: 
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The macroscopic temperature is calculated as 
follow: 
 

i
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The thermal diffusivity is related to the 
relaxation time by: 
 
           
tcsc 
2)2/1(                (9) 
 
For natural convection, the important 
dimensionless parameters Prandtl number 
Pr and Rayleigh number Ra are defined as: 
 
           
 /Pr                         (10) 
           
23 Pr/ TLgRa  ,              (11) 
 
where T  is the temperature difference 
between the high temperature wall and low 
temperature wall. L is the characteristic length 
of the square cavity. 
Another dimensionless parameter Mach 
number Ma is defined as: 
 
           
sc cuMa /  ,                     (12) 
 
where TLguc    is the characteristic 
velocity of natural convection. Considering 
LBE applies in incompressible limit, Mach 
number should be less than 0.3. In present 
study, Mach number was fixed at Ma=0.1. 
In the simulation the Boussinesq 
approximation is applied to the buoyancy force 
term. It that case, the buoyancy force term is 
added as: 
             
TgwF ii  3                    (13) 
 
The effect of the external magnetic field 
influences only the force term where a new 
parameter is added to the buoyancy force term:  
 
iyixi FFF                        (14) 
)]sincossin([3 2 uvAwF iix      (15) 
)]coscossin([3 2 vuATgwF iiy    (16) 
 
In the lattice Boltzmann model, real 
quantities such as space and time need to be 
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converted to lattice units prior to simulation. 
By introducing characteristic scales, the 
dimensionless process can be accomplished. 
To make sure that the simulation case 
represents the relevant practical phenomenon, 
non-dimensional quantities such as Reynolds 
number remain the same in the dimensionless 
process. 
 
3.2 Lattice Boltzmann model for nanofluid 
In this study, the nanofluid is assumed 
similar to a single phase fluid. Hence, the 
equations of physical parameters of the 
nanofluid are as follows: 
Density equation: 
 
        pfnf
  )1(            (17) 
 
where 
nf  is the density of nanofluid, f  is the 
density of base fluid and p  is the density of 
nanoparticle.   is the volume fraction of 
nanoparticles. 
Heat capacity equation is expressed by: 
 
        ppfpnfp ccc )())(1()(    (18) 
 
and the dynamic viscosity equation is given by: 
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The thermal expansion coefficient of the 
nanofluid can be calculated by: 
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The effective thermal conductivity of the 
nanofluid can be determined by the Maxwell-
Garnett (MG) model by: 
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The local Nusselt number and the average 
value at the hot and cold walls are calculated 
as:  
         x
T
T
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where L is the height of the square, T  is 
temperature difference between the hot and 
cold walls. For the convenience, a normalized 
average Nusselt number is defined as the ratio 
of Nusselt number at any volume fractions of 
nanoparticles to that of pure water is as follows: 
 
         
)0(/)()(*   avgavgavg NuNuNu      (24) 
 
3.3 Boundary treatments 
The implementation of boundary 
conditions is very important for LBM 
simulations. The unknown distribution 
functions pointing to the fluid zone at the 
boundary nodes must be specified after every 
iteration step. Concerning the no-slip boundary 
condition, bounce back boundary condition is 
employed on the solid boundaries.  
The top and bottom of the boundaries are 
adiabatic so bounce back boundary condition is 
employed. Temperatures at the left and right 
walls are known. Since we are using D2Q9, for 
the left wall, the unknown distribution 
functions are evaluated as: 
 
31 ))3()1(( gwwTg H 
 
75 ))7()5(( gwwTg H          (25)
 
68 ))6()8(( gwwTg H   
 
The unknown distribution functions can be 
obtained in the similar way at the right wall.   
 
4. Validation and gird independence 
 
An extensive mesh testing procedure was 
firstly conducted to ensure grid independence. 
Calculations of different mesh cases were 
carried out for 4% Al2O3/water nanofluid of 
Ra=1×10
4
, 1×10
5
 and 1×10
6
, respectively. The 
average Nusselt numbers were calculated and 
the grid independence is ensured which can be 
seen in Fig. 2. It can be seen that the lattice 
number has a positive impact to the viscosity 
in the lattice Boltzmann model. To keep the 
relaxation times in a suitable range for both 
flow dynamics and thermal evolution in lattice 
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Boltzmann model, the lattice number is 
particularly considered and different meshes 
for different cases are also considered. In the 
present study, 100×100 lattices is chosen for 
Rayleigh number is less than 1×10
5
 and 
150×150 lattices for the others cases.  
To further validate the proposed lattice 
Boltzmann model for incompressible fluid, the 
simulation results were compared not only 
with the experimental results of Krane and 
Jessee [20] but also numerical work by Khalil 
Khanafer et al. [21] for natural convection in 
an enclosure filled with air. Fig. 3 shows that 
the comparisons are in excellent agreement. 
 
 
Fig. 2: Grid independent test: Nuavg versus 
grid number (4% Al2O3/water nanofluid) 
 
 
Fig. 3: Comparison with other simulation 
and experimental results (Ra=1.89×10
5，
Pr=0.71) 
 
5. Results and discussion 
 
To investigate the effects of the governing 
parameters including Hartmann number, 
Rayleigh number, the nanoparticle volume 
fractions and magnetic field angles on the heat 
transfer performances, a series of simulation 
cases were carried out with the governing 
parameters, Rayleigh number ranging from 
1×10
3
 to 1×10
6
, solid volume fraction 0 to 5%, 
Hartmann number 0 to 90 and magnetic field 
orientation from 0° to 180°. 
Fig. 4 shows the effect of Rayleigh number 
on the isotherms of the nanofluid ( 04.0 ). It 
can be seen that by the increasing of Rayleigh 
number, the effect of the convective heat 
transfer becomes more significant and the 
thickness of thermal boundary layer near the 
wall decreases. The effect of Rayleigh number 
on the temperature distribution at x-direction 
of the enclosure can be found in Fig. 5. When 
Rayleigh number is larger than 1×105, the 
temperature near the heated wall decreases 
significantly. As Rayleigh number decreases, a 
more gradual decrease of the temperature has 
been found. 
 
 
Fig. 4: The effects of Rayleigh number on 
the isotherms ( 04.0 ) 
 
Grid number - X
N
u
a
v
g
50 100 150 200
1
2
3
4
5
6
7
8
9
10
Ra=1E4
Ra=1E5
Ra=1E6
X
T
e
m
p
e
ra
tu
re
0 0.2 0.4 0.6 0.8 1
0
0.2
0.4
0.6
0.8
1
Present result, LBM
Experimental data
Numerical result, FVM
4th Micro and Nano Flows Conference 
UCL, London, UK, 7-10 September 2014 
-  6 -  
 
 
Fig. 5: The effects of Rayleigh number on 
the temperature distribution at y=0.5 
( 04.0 ) 
Fig. 6 shows the effect of nanoparticle 
volume fraction on the heat transfer. It can be 
seen from the figure that with the increase in 
volume fraction, the isotherms become closer 
to the vertical wall. The thermal layer becomes 
thinner compared with the pure fluid. It is 
observed that the increase of solid 
concentration leads to the enhancement of heat 
transfer, and such enhancement is due to the 
increase of the effective thermal conductivity 
with the increase of solid volume fractions of 
nanoparticles.  
 
 
Fig. 6: Comparison of isotherms between 
base fluid and nanofluid at Ra=1×10
5 
 
Fig. 7 presents the comparisons between 
the pure fluid and nanofluid of the local 
Nusselt number distribution along the heated 
wall. It can be seen that the increase of volume 
fractions increases the local Nusselt number 
along the heated wall. The influence is more 
evident at the bottom of the hot wall.  
 
 
Fig. 7: The effects of volume fractions on the 
local Nusselt number along the hot wall 
(Ra=1×10
5
) 
 
 
Fig. 8: The effects of volume fractions on the 
normalized Nusselt number 
 
Fig. 8 shows the effect of volume fractions 
on the normalized average Nusselt number. It 
is worth mentioning that for a fixed Rayleigh 
number, solid volume fractions can affect the 
enhancement of heat transfer. However the 
effect decreases with the increase of Rayleigh 
number. By adding 5% Al2O3 nanoparticles by 
volume, the normalized Nusselt number 
increases about 3.8% at Ra=1×10
4
, a slight 
decline to 3.5% at Ra=1×10
5
, but decreases 
significantly to 1.6% when Rayleigh number 
increases to 1×10
6
. This means that there is a 
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critical value of Rayleigh number of 
Al2O3/water nanofluid for the performance of 
heat transfer enhancement in terms of the 
normalized average Nusselt number. Similar 
conclusion was obtained in [22]. 
Fig. 9 shows the effect of Hartmann 
number on the Nusselt number. As Hartmann 
number increases the Nusselt number 
decreases for constant Rayleigh number. When 
applying an external magnetic field on the 
enclosure, the velocity field suppresses owing 
to the retarding effect of the Lorenz force. 
Therefore, the convective heat transfer 
weakens dramatically.  
 
  
Fig. 9: The effects of Hartmann number on 
the Nusselt number ( 04.0 ) 
 
 
Fig. 10: The effects of magnetic field 
direction on Nusselt number (Ra=1×10
5
,
04.0 ) 
 
Fig. 10 shows the effects of magnetic field 
orientation, see Fig. 1, on the average Nusselt 
number. It is found that for a fixed Rayleigh 
number and volume fraction, the average 
Nusselt number has a slight rise from 0° to   
45°(  25.0 ) then declines regularly with 
the increasing orientation. This means there is 
a critical value of the magnetic field 
orientation at which the magnetic field has 
most pronounced effect for natural convection. 
 
6. Conclusions 
 
In the present paper, the effects of a 
magnetic field on natural convection heat 
transfer in an enclosure filled with nanofluid 
have been investigated by employing the 
lattice Boltzmann method. The effects of 
Rayleigh number, nanoparticle volume fraction, 
Hartmann number and magnetic field 
orientation on the characteristics of flow and 
heat transfer have been examined. The 
following conclusions can be drawn: 
(1) The increase of volume fraction of the 
suspended Al2O3 nanoparticles in pure water 
enhances the heat transfer in the enclosure at 
various Rayleigh numbers. However, there is a 
critical Rayleigh number for heat transfer 
enhancement of applying nanofluids; beyond 
the critical value, the enhancement rate will be 
reduced. 
(2) The average Nusselt number and 
normalized average Nusselt number increase 
with the volume fractions of nanoparticles and 
also Rayleigh number.  
(3) The heat transfer coefficient of 
nanofluid decreases with the increase of 
Hartmann number for a fixed Rayleigh number 
and nanoparticle volume fraction. The effect of 
Hartmann number is more pronounced at 
higher Rayleigh number. 
(4) For various Hartmann numbers, a 
critical magnetic field orientation, i.e.
 25.0 , has been noted, at which the 
magnetic field has the most pronounced effect. 
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